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Abstract
Over the years, there has been increasing interest in solving mathematical problems with the aid of computers. The main purpose
of this paper is to construct new generating functions of q-Bernoulli numbers n,qr and q-Bernoulli polynomials n,qr (x).We study
the q-Bernoulli polynomials n,qr (x) and investigate the roots of the q-Bernoulli polynomials n,qr (x) for values of the index n by
using computer. Finally, we consider the reﬂection symmetries of the q-Bernoulli polynomials.
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1. Introduction
Carlitz [1] deﬁned q-extensions of the classical Bernoulli numbers Bn and Bernoulli polynomials Bn(x) and proved
properties analogous to those satisﬁed by Bn and Bn(x). In recent years, many mathematicians and physicists have
studied q-Bernoulli polynomials and q-Bernoulli numbers because mainly of their interest and importance. q-Bernoulli
polynomials and q-Bernoulli numbers pose many interesting properties arising in many areas of mathematics and
physics (see [2–8]). In the case of Bernoulli polynomials and Bernoulli numbers, there are several results, those
of Whittaker and Waston [10–12]. For q-Bernoulli polynomials and q-Bernoulli numbers, several results have been
studied in [1–9]. In order to study q-Bernoulli polynomials and q-Bernoulli numbers, we must understand the structure
of q-Bernoulli polynomials and q-Bernoulli numbers. By using computer, many mathematicians and physicists have
investigated q-Bernoulli polynomials and q-Bernoulli numbers. These results are used not only in pure mathematics
and applied mathematics, but also used in mathematical physics and other areas. In the 21st century, the computing
environment would make more and more rapid progress and there has been increasing interest in solving mathematical
problems with the aid of computers. By using software, mathematicians can explore concepts much more easily than
in the past. The ability to create and manipulate ﬁgures on the computer screen enables mathematicians to quickly
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visualize and produce many problems, examine properties of the ﬁgures, look for patterns, and make conjectures. This
capability is especially exciting because these steps are essential for most mathematicians to truly understand even
basic concept. Recently, Woon [12] and Veselov and Ward [10] observed the regular behaviour of the real roots of
Bernoulli polynomials using a numerical investigation. Using computer experiments, Woon [12] veriﬁes a remarkably
regular structure of the complex roots of Bernoulli polynomials. Also, Veselov andWard [10] proved the regular lattice
behaviour of almost all of the real roots of the Bernoulli polynomials. However, to this point there have been no such
investigations for q-Bernoulli polynomials and q-Bernoulli numbers. The outline of this paper is as follows. In Section
2, we study the q-Bernoulli polynomials n,qr (x). In Section 3, we describe the beautiful zeros of the n,qr (x) using a
numerical investigation. We hope to observe an interesting phenomenon of ‘scattering’ of the zeros of the q-Bernoulli
polynomials in complex plane. By using the results of our paper, the readers can observe the regular behaviour of the
real roots of the q-Bernoulli polynomials n,qr (x). The author has no doubt that investigation along this line will lead
to a new approach employing numerical methods in the ﬁeld of research of the q-Bernoulli polynomials n,qr (x) to
appear in mathematics and physics.
2. q-Bernoulli numbers and polynomials
The Bernoulli numbers are among the most interesting and important number sequences in mathematics. First, we
introduce the ordinary Bernoulli numbers and Bernoulli polynomials. For any complex number x, it is well known that
the familiar Bernoulli polynomials Bn(x) are deﬁned by means of the following generating function:
F(x, t) := t
et − 1e
xt =
∞∑
n=0
Bn(x)
tn
n! , |t |< 1. (1)
Note that, by substituting x = 0 into (1), Bn(0) = Bn is the familiar nth Bernoulli number deﬁned by
eBt =
∞∑
n=0
Bn
tn
n! =
t
et − 1 , |t |< 1,
where the symbol Bk is interpreted to mean that Bk must be replaced by Bk when we expand the one on the left. This
relation can be written as
e(B+1)t − eBt = t .
Hence we obtain
B0 = 1, (B + 1)k − Bk =
{1 if k = 1,
0 if k > 1,
with the usual convention about replacing Bk by Bk (k0).
Throughout this paper, we use the following notations. By Z we denote the ring of rational integers, Q denotes the
ﬁeld of rational numbers, C denotes the complex number ﬁeld, and Zp denotes the ring of p-adic rational integers. Let
q be considered as an indeterminate with |q|< 1 in C. We use the notation given below:
[x] = [x]q = 1 − q
x
1 − q for any real x.
First, we introduce the q-Bernoulli polynomials. For a general study of the q-Bernoulli polynomials, we refer the reader
to the work of Kim [2–6]. In this section, using an integral by q-analogue qr of p-adic invariant measure, we introduce
the q-Bernoulli numbers, n,qr . Now, using multiple of p-adic q-integral, we introduce the q-Bernoulli number n,qr
as (cf. [3])
n,qr =
∫
Zp
q−rt [t]nqr dqr (t) for r ∈ N = {1, 2, 3, . . .},
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where qr (t) = qr (t + pNZp) = qrt /[pN ]qr . Thus we obtain
0,qr =
qr − 1
r log q
, (qrqr + 1)k − k,qr =
{1 if k = 1,
0 if k > 1
with the usual convention about replacing kqr by k,qr (k0), cf. [2–6]. Note that limq→1k,qr = Bk, where Bk are
the kth ordinary Bernoulli numbers. It is easy to see in [3] that
n,qr =
1
(1 − qr)n
n∑
j=0
(
n
j
)
(−1)j j[j ]qr . (2)
In order to give some formulae of the q-Bernoulli polynomials using generating function, let
Fqr (t) = q
r − 1
log qr
et/(1−qr ) − t
∞∑
n=0
(qr)ne[n]qr t , |t |< 1. (3)
Consider the Taylor expansion at t = 0.
Fqr (t) = 0,qr + 1,qr
t
1! + 2,qr
t2
2! + · · · + n,qr
tn
n! + · · · .
The coefﬁcients n,qr are called the nth q-Bernoulli numbers. A recursive formula for these numbers is obtained as
1
t
{
qr − 1
log qr
et/(1−qr ) − t
∞∑
n=0
(qr)ne[n]qr t
}
= 1
t
qr − 1
log qr
∞∑
k=0
(
1
1 − qr
)k
tk
k! −
∞∑
n=0
(qr)n
∞∑
k=0
[n]kqr
tk
k!
= q
r − 1
log qr
∞∑
k=0
(
1
1 − qr
)k
tk−1
k! −
∞∑
k=0
( ∞∑
n=0
(qr)n[n]kqr
)
tk
k! . (4)
Thus we have
1
t
(
Fqr (t) − q
r − 1
log qr
et/(1−qr )
)
= −
∞∑
k=0
( ∞∑
n=0
(qr)n[n]kqr
)
tk
k! . (5)
Now we consider the generating function of the q-Bernoulli polynomials as follows:
∞∑
n=0
n,qr (x)
tn
n! = Fqr (x, t) = e
t/(1−qr )
∞∑
n=0
n
[n]qr (−1)
n
(
1
1 − qr
)n
(qr)nx
tn
n!
= q
r − 1
log qr
et/(1−qr ) − t
∞∑
n=0
(qr)n+xe[n+x]qr t . (6)
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If we take x = 1, then we obtain the following:
∞∑
n=0
n,qr (1)
tn
n!
= q
r − 1
log qr
et/(1−qr ) − t
∞∑
n=0
(qr)n+1e[n+1]qr t
= q
r − 1
log qr
et/(1−qr ) − tqret
∞∑
n=0
(qr)neq
r [n]qr t
= et q
r − 1
log qr
e(t/(1−qr ))−t − tqret
∞∑
n=0
(qr)neq
r [n]qr t
= et
{
qr − 1
log qr
eq
r t/(1−qr ) − tqr
∞∑
n=0
(qr)ne[n]qr qr t
}
= etFqr (qr t)
=
( ∞∑
l=0
1
l! t
l
)( ∞∑
m=0
(qr)m
m! m,qr t
m
)
=
∞∑
n=0
(
n∑
m=0
(qr)mm,qr n!
(n − m)!m!
)
tn
n!
=
∞∑
n=0
(qrqr + 1)n
tn
n! , (7)
with the usual convention about replacing kqr by k,qr .
By (3), (6), and (7), we note that
t = etFqr (qr t) − Fqr (t) =
∞∑
n=0
{(qrqr + 1)n − n,qr }
tn
n! .
By comparing the coefﬁcients on both sides, we obtain
(qrqr + 1)k − k,qr =
{1 if k = 1,
0 if k > 1.
By (6), we see that
∞∑
n=0
n,qr (x)
tn
n! =
qr − 1
log qr
et/(1−qr ) − t
∞∑
n=0
(qr)n+xe[n+x]qr t
= q
r − 1
log qr
et/(1−qr ) − t
∞∑
n=0
(qr)n+xe([x]qr +(qr )x [n]qr )t
= q
r − 1
log qr
e[x]qr t (e−[x]qr tet/(1−qr )) − e[x]qr t (qr )xt
∞∑
n=0
e(q
r )x [n]qr t (qr )n
= q
r − 1
log qr
e(q
r )x/(1−qr )te[x]qr t − e[x]qr t (qr )xt
∞∑
n=0
e(q
r )x [n]qr t (qr )n
= e[x]qr tFqr ((qr )xt).
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Thus we have
∞∑
n=0
n,qr (x)
tn
n! = Fqr (x, t) = e
[x]qr tFqr ((qr )xt)
=
∞∑
n=0
(
n∑
m=0
(
n
m
)
(qr)mxm,qr [x]n−mqr
)
tn
n! .
Hence, q-Bernoulli polynomials n,qr (x) can be rewritten as
n,qr (x) =
n∑
j=0
(
n
j
)
(qr)jxj,qr [x]n−jqr .
By (2), we obtain the following theorem:
Theorem 1. For n0,
n,qr (x) =
1
(1 − qr)n
n∑
j=0
(
n
j
)
(−1)j (qr )xj j[j ]qr .
n,qr (x) are called the nth q-Bernoulli polynomials. Finally, we have the following remark:
Remark 2. Note that
(1)
lim
q→1Fq
r (x, t) = t
et − 1e
xt = F(x, t),
(2)
n,qr =
1
1 − (qr)n
n−1∑
k=0
n!
k!(n − k)! (q
r)kk,qr for n> 1,
(3)
n,qr (0) = n,qr ,
(4)
lim
q→1 n,qr = Bn, limq→1 n,qr (x) = Bn(x).
3. Beautiful zeros of the q-Bernoulli numbers and polynomials
In this section,we display the shapes of the q-Bernoulli numbers and polynomials (Figs. 1–4). Next, we investigate the
zeros of theq-Bernoulli polynomials byusing computer. Forn=1, . . . , 10,we candrawaplot of theq-Bernoulli numbers
n,qr , respectively. This shows the 10 plots combined into one. These ﬁgures give mathematicians an unbounded
capacity to create visual mathematical investigations of the behaviour of q-Bernoulli numbers, polynomials, and roots
of q-Bernoulli polynomials. Moreover, it is possible to create new mathematical ideas and analyse them in ways that
generally are not possible by hand.
For n = 1, . . . , 10, 510q 910 , we display the shapes of the q-Bernoulli numbers n,qr .
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Fig. 1. Shape of n,q3 .
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Fig. 2. Shape of n,q6 .
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Fig. 3. Shape of n,q3 (x).
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Fig. 4. Shape of n,q6 (x).
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Fig. 5. Zeros of 10,q2 (x).
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Fig. 6. Zeros of 10,q4 (x).
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Fig. 7. Zeros of 10,q6 (x).
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Fig. 8. Zeros of 10,q8 (x).
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Fig. 9. Zeros of 10,q1 (x).
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Fig. 10. Zeros of 10,q3 (x).
-0.5 0 0.5 1 1.5 2
Re(x)
-4
-2
0
2
4
6
Im
(x)
Fig. 11. Zeros of 10,q5 (x).
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Fig. 12. Zeros of 10,q7 (x).
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We describe the shapes of the q-Bernoulli polynomials n,qr (x) for n = 1, . . . , 10,− 910x 910 , q = 810 . For n =
1, . . . , 10, we can draw a plot of the q-Bernoulli polynomials n,qr (x), respectively. This shows the 10 plots combined
into one.
We plot the zeros of the q-Bernoulli polynomials 10,qr (x), x ∈ C, q = 12 (Figs. 5–8).
Since
∞∑
n=0
Bn(1 − x)(−t)
n
n! = F(1 − x,−t) =
−t
e−t − 1e
(1−x)(−t)
= t
et − 1e
xt = F(x, t) =
∞∑
n=0
Bn(x)
tn
n! ,
we obtain that
Bn(1 − x) = (−1)nBn(x). (8)
We prove that Bn(x), x ∈ C, has Re(x)= 12 reﬂection symmetry in addition to the usual Im(x)=0 reﬂection symmetry
analytic complex functions. The question is: what happens with the reﬂection symmetry (8), when one considers the
q-Bernoulli polynomials? We are going now to reﬂection at 12 of x on the q-Bernoulli polynomials. Since
n,qr (x) =
(
1
1 − qr
)n−1 n∑
j=0
(
n
j
)
(−1)j qrjx j
1 − qrj ,
by simple calculation, we have
n,q−r (1 − x) =
(
1
1 − q−r
)n−1 n∑
j=0
(
n
j
)
(−1)j q−rj(1−x) j
1 − q−rj
=
(
qr
qr − 1
)n−1 n∑
j=0
(
n
j
)
(−1)j q−rj qrxj j
1 − q−rj
= (−1)n(qr)n−1
(
1
1 − qr
)n−1 n∑
j=0
(
n
j
)
(−1)j qrjx j
1 − qrj .
Hence we obtain the following theorem.
Theorem 3. For n0, we have
n,q−r (1 − x) = (−1)n(qr)n−1n,qr (x). (9)
Eq. (9) is the q-analogue of the classical reﬂection formula (8).
For r = 1, 3, 5, 7, q > 0, n,qr (x), x ∈ C, has Im(x) = 0 reﬂection symmetry (Figs. 9–12).
We plot the zeros of the q-Bernoulli polynomials 10,qr (x), x ∈ C, q = − 12 .
For r = 2, 4, 6, 8, q < 0, n,qr (x), x ∈ C, has no Im(x) = 0 reﬂection symmetry (Figs. 13–16).
We plot the zeros of the q-Bernoulli polynomials 10,qr (x), x ∈ C, q = − 12 .
For r = 5, 7, 11, 13, q < 0, n,qr (x), x ∈ C, has no Im(x) = 0 reﬂection symmetry (Figs. 17–20).
This translates to the following open problems: prove that n,qr (x), x ∈ C, has Im(x) = 0 reﬂection symmetry, r ∈
No, q > 0, where No = {x|x is an odd number}. What happens with the reﬂection symmetry (9), when one considers
the q-Bernoulli polynomials? We have the following corollary.
Corollary 4. If n,qr (x) = 0, then n,q−r (1 − x) = 0.
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Fig. 13. Zeros of 10,q2 (x).
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Fig. 14. Zeros of 10,q4 (x).
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Fig. 15. Zeros of 10,q6 (x).
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Fig. 16. Zeros of 10,q8 (x).
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Fig. 17. Zeros of 10,q5 (x).
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Fig. 18. Zeros of 10,q7 (x).
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Fig. 19. Zeros of 10,q11 (x).
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Fig. 20. Zeros of 10,q13 (x).
Table 1
Numbers of real and complex zeros of n,q2 (x)
Degree n q = − 12 q = 12
Real zeros Complex zeros Real zeros Complex zeros
1 0 1 1 0
2 0 4 2 2
3 0 6 3 3
4 0 4 4 4
5 0 10 3 7
6 0 12 4 8
7 0 14 3 11
8 0 16 4 12
9 0 18 5 13
10 0 20 4 16
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Table 2
Approximate solutions of n,q2 (x) = 0, x ∈ R
Degree n Real zeros
1 0.443136
2 0.113749, 0.668422
3 −0.0745195, 0.28366, 0.830318
4 −0.103296, −0.0453881, 0.428617, 0.958508
5 0.0663365, 0.0663365, 1.06527
6 −0.191872, 0.164497, 0.657839, 1.15704
7 0.2539, 0.751113, 1.23768
8 −0.160746, 0.335016, 0.834174, 1.30969
9 −0.258031, −0.0910156, 0.408835, 0.908995, 1.37479
10 −0.0229655, 0.476361, 0.977035, 1.43424
Our numerical results for approximate solutions of real zeros of the n,qr (x), r = 2, 5, q = − 12 , are displayed in
Tables 1 and 2. The result is obtained by Mathematica software.
Finally, we shall consider the more general problems. Prove or give a counterexample: Conjecture: Since n is
the degree of the polynomial n,q2(x), the number of real zeros ren,q2 (x) lying on the real plane Im(x) = 0 is then
re
n,q2 (x)
= rn − c
n,q2 (x)
(n> 1), where c
n,q2 (x)
denotes complex zeros. See Table 1 for tabulated values of re
n,q2 (x)
and c
n,q2 (x)
. In general, how many roots does n,qr (x) have? Find the numbers of complex zeros cn,qr (x) of the
n,qr (x), the equation of envelope curves bounding of the real zeros lying on the plane. Find the equation of a trajectory
curve running through the complex zeros on any one of the arcs. It would be very interesting to ﬁnd a mathematical
explanation for this. In any case, these calculations are too complicated to compute by hand or are even impossible, we
have to use computer. For related topics the interested reader is referred to [10,12].
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